We propose an efficient method to protect spin squeezing under the action of amplitude-damping, depolarizing and phase-damping channels based on measurement reversal from weak measurement, and consider an ensemble of N independent spin-1/2 particles with exchange symmetry. We find that spin squeezing can be enhanced greatly under three different decoherence channels and spin-squeezing sudden death (SSSD) can be avoided undergoing amplitude damping and phase-damping channels.
Introduction
Spin squeezing has attracted a lot of attention in both the theoretical and experimental fields for decades [1, 2, 3, 4, 5, 6, 7, 8] . An important application of spin squeezing is to detect quantum entanglement [9, 10, 11] . Due to the fact that spin squeezing is relatively easy to be generated and measured [2, 12, 13, 14] , spin-squeezing parameters are multipartite entanglement witness in a general sense. Lots of efforts have been devoted to find relations between spin squeezing and entanglement [4, 5, 6, 7, 15, 16, 17] .
Another application of spin squeezing is to improve the precision of measurements such as leading-noise reduction [18] and improving atomic sensor precision [19] . Thus, spinsqueezed states are useful resources for quantum information processing. However, the interactions between the system and its environment usually cause decoherence. In practice, decoherence is inevitable and harmful to spin squeezing and entanglement [20, 21, 22, 23, 24, 25, 26] .
We find that, analogous to the definition of entanglement sudden death (ESD) [27] and distillability sudden death(DSD) [28] , spin squeezing can also suddenly vanish with different lifetimes for some decoherence channels, showing in general different vanishing times in multipartite correlations in quantum many-body systems. Wang et al. [25] have found that, under local decoherence, spin squeezing also appears as sudden death similar to the discovery of pairwise entanglement sudden death. An method to protecting and enhancing spin squeezing via continuous dynamical decoupling is proposed by Adam Zaman Chaudhry et. al [29] .
In 1988, weak measurement was introduced by Aharonov, Albert, and Vaidman (AAV) [30] . Weak measurement is very useful and can help understand many counterintuitive quantum phenomena, for example, Hardy's paradoxes [31] . Recently, the weak measurement has been applied as a practically implementable method for protecting entanglement, quantum fidelity of quantum states undergoing decoherence [32, 33, 34, 35, 36, 37] and improving payoffs in the quantum games in the presence of decoherence [38] . However, the study on protecting spin squeezing under the action of decoherence and avoiding spin-squeezing sudden death via using weak measurements is not involved so far.
Motivated by recent studies of decoherence effects on spin squeezing and the application of weak measurement, we propose an efficient method to avoid spin-squeezing sudden death via measurement reversal from weak measurement, and consider an ensemble of N independent spin-1/2 particles with exchange symmetry.
The definitions of spin squeezing and concurrence
We consider an ensemble of N spin-1/2 particles with ground state |1 and excited state |0 . This system has exchange symmetry, and its dynamical properties can be described by the collective operators
for α = x, y, z. Here, σ kα are the Pauli matrices for the kth qubit.
We choose the initial state as a standard one-axis twisted state [1] 
This state is prepared by the one-axis twisted Hamiltonian H = χJ 2 x , with the coupling constant χ , and θ = 2χt the twist angle.
There are several spin-squeezing parameters, but we list only three typical and related ones as follows [1, 2, 3, 4, 5] :
Here, the minimization in the first equation is over all directions denoted by n ⊥ , perpendicular to the mean spin direction J / J 2 ; λ min is the minimum eigenvalue of the
where
is the covariance matrix and C = [C kl ] with
is the global correlation matrix. The parameters ξ were defined by Kitagawa and Ueda [1] , Wineland et al. [2] , and Tóth et al. [4] , respectively. If ξ 2 2 < 1 (ξ 2 3 < 1) spin squeezing occurs, and we can safely say that the multipartite state is entangled.
For states with a well-defined parity (even or odd), we now express the squeezing parameters in terms of local expectations and correlations [7, 25]
For convenience, hereafter we use
to characterize spin squeezing. With the above definition, spin squeezing occurs when
The concurrence is defined as [39] 
where λ i are the square roots of eigenvalues ofρρ. Here ρ is the reduced density matrix of the system, andρ
whereρ is the conjugate of ρ.
The two-spin reduced density matrix for a parity state with the exchange symmetry can be written in a block-diagonal form [7] 
the concurrence is given by
3 Protecting spin squeezing under decoherence by using weak measurements
We propose a scheme to protect spin squeezing under the action of decoherence channels by using weak measurement. The scheme is weak measurement M + decoherence channel + weak measurement N .
The effect of quantum channels on the state of a system is a completely positive and trace-preserving map that is described in terms of Kraus operators.
The operator E l satisfies the CPTP relation l E † l E l = I.
In order to protect and improve the spin squeezing, we should perform weak measurement M and measurement reversal N, before and after the decoherence channels, respectively. The two weak measurements can be written, respectively, as a non-unitary quantum operation
where m and n are the measurement strengths.
After these weak measurements being implemented, the state becomes
where ε channel is defined by Eq. (19) . By discussing the symmetry of the open system under consideration and the local decoherence and weak measurement are independent and identical. Thus, the exchange symmetry is not affected by the decoherence and weak measurement. We know that the spin squeezing can be expressed by the local expectations and correlations. The spin squeezing can then calculated by the dynamics of the local expectations and correlations. It is easy to check that an expectation value of the operator A can be calculated as
Thus, we can calculate the expectation value via the above equation, which is very similar to the standard Heisenberg picture.
Amplitude-damping channel
A single qubit Kraus operators for amplitude-damping channel(ADC) is
where p = 1 − s, s = exp(−γt/2) and γ is the damping rate.
Based on the above approach and the Kraus operators for the ADC given by Eq.
(23), when sn 2 + p = m 2 , we find the evolutions of the following expectations under decoherence using weak measurement (see Appendix for details):
Substituting the relevant expectation values and the correlation function into Eqs. (9), (10) , and (11) leads to the explicit expression of the spin-squeezing parameters
The expression of concurrence can be simplified to [25] C
).
In Fig. 1 , we plot the spin-squeezing parameters and concurrence against the decoherence strength p under amplitude damping channel for different weak measurement strength m with θ = 0.1π, N = 12. It clearly shows that as the decoherence strength p increases, the spin squeezing decreases without weak measurement. For the smaller value of θ, there is no ESD and SSSD. They vanish only in the asymptotic limit (see Fig.   1(a) ). However, we are able to enhance spin-squeezing parameters and the concurrence greatly by using weak measurement. Especially, they don't disappear in the asymptotic limit ( i.e. p = 1). Moreover, with the increase of m, spin-squeezing parameters and the concurrence becomes a fixed value respectively. The spin-squeezing parameters and the concurrence can be completely recovered to its initial value respectively regardless of the decoherence when weak measurement strength is large (see Fig. 1(d) ). It seems that decoherence has no effect on the spin-squeezing parameters and the concurrence.
This result can be explained as follows. According to sn 2 + p = m 2 , we have n 2 ≫ 1 when the weak measurement strength m 2 ≫ 1. And, we obtain sn 2 = m 2 . From
Eq.(24), we can obtain the expectations as follows
Thus, the spin-squeezing parameters and concurrence can be calculated as
So, the spin-squeezing parameters and the concurrence can be completely recovered to its initial value when weak measurement strength is very large. The overlap of the solid line and the dashed line in Fig. 1(d) due to the fact that the spin squeezing ζ 2 3 and the concurrence C r (0) are equivalent for the initial state Eq.(2).
We plot the spin-squeezing parameters and concurrence against the decoherence strength p under amplitude damping channels for different weak measurement strength m with θ = 1.8π, N = 12 in Fig. 2 . For larger values of θ, as the decoherence strength p increases, the spin squeezing decreases until it suddenly vanishes, so the phenomenon of ESD and SSSD occurs when there is no weak measurement (see Fig. 2(a) ). However, the spin-squeezing parameters and concurrence can be improved greatly by using weak measurement. Moreover, with the increase of m, the phenomenon of ESD and SSSD can be avoided. When the measurement strength m is very large, the spinsqueezing parameters and the concurrence can be completely recovered to its initial value respectively no matter what the decoherence parameter is (see Fig. 2(d) ).
Depolarizing channel

A single qubit Kraus operators for depolarizing channel(DPC) is
where p ′ = 3p/4 and I is the identity operator.
From Eq.(22) and the Kraus operators for the DPC given by Eq. (31), when m = 1, we find the evolutions of the following expectations under decoherence using weak measurement (see Appendix for details): 
The expression of concurrence can be simplified to [25] 
In Fig.3 , we plot the spin-squeezing parameters and concurrence against the decoherence strength p under depolarizing channel with θ = 1.8π, N = 12. We can see that similar to amplitude damping channel, the spin squeezing decreases as the decoherence strength p increases without weak measurement. And, the phenomenon of ESD and SSSD occurs (see Fig.3(a) ). However, we are able to improve the spin-squeezing parameters ζ 2 3 and the concurrence greatly by using weak measurement. The larger is the weak measurement strength n, the later is the vanishing time. And when weak measurement strength is very large, the spin-squeezing parameter ζ 2 3 and the concurrence vanish approximately in the asymptotic limit (see Fig.3(d) ). We note that with the increase of weak measurement strength n, the spin-squeezing parameter ζ 2 2 becomes more and more weak until it is zero. This means that in our model, the parameter 
Phase-damping channel
A single qubit Kraus operators for phase-damping channel (PDC) is
From Eq. (22) and the Kraus operators for the PDC given by Eq. (37), when n 2 − 1 = m 2 + 1, we find the evolutions of the following expectations under decoherence using weak measurement (see Appendix for details):
where M 3 = m 2 + 1 + σ 1z 0 . Substituting the relevant expectation values and the correlation function into Eqs. (9), (10), and (11) leads to the explicit expression of the spin-squeezing parameters
In Fig.4 , we plot the spin-squeezing parameters and concurrence against the decoherence strength p under phase-damping channel with θ = 1.8π, N = 12. We can see that similar to amplitude-damping and depolarizing channel, the spin squeezing decreases as the decoherence strength p increases without weak measurement. And the phenomenon of ESD and SSSD occurs (see Fig.4(a) ). However, we are able to enhance the spin-squeezing parameters ζ 2 3 and the concurrence greatly, and to avoid the phenomenon of ESD and SSSD by using weak measurement. Morover, when weak measurement strength m is small, the spin-squeezing parameter ζ 2 3 and the concurrence becomes a fixed value respectively regardless of the decoherence although the spin-squeezing parameter ζ 2 2 becomes zero(see Fig.4(d) ). This result can be explained as follows. When the weak measurement strength m 2 ≪ 1, according to n 2 −1 = m 2 +1, we have n 2 = 2. So, we obtain M 3 = 1 + σ 1z 0 and
. From Eq. (38), we can obtain the expectations as follows
(43)
So, the spin-squeezing parameter ζ 2 3 and the concurrence can be recovered to certain stationary value respectively and the spin-squeezing parameter ζ 2 2 = 0 when weak measurement strength m is very small.
We also note that with the decrease of weak measurement strength m, the spinsqueezing parameter ζ 2 2 becomes more and more weak until it is zero. This means that in our model, the parameter ξ 
Conclusion
In this paper, we have proposed an efficient method to protect spin squeezing under the action of amplitude-damping, depolarizing and phase-damping channels based on measurement reversal from weak measurement, and have considered an ensemble of N independent spin-1/2 particles with exchange symmetry. We have found that spin squeezing can be enhanced greatly under three different decoherence channels and spin-squeezing sudden death can be avoided undergoing amplitude-damping and phasedamping channels. 
The above equation imply that
As we considered independent and identical decoherence channels and weak measurements acting separately on each spin, the evolution correlations and expectations in Eq. (24) , are obtained directly from the above equations.
From Eqs. (31) and (22), when m = 1, the evolution of the matrix A under the DPC is obtained as
from which one finds
From Eqs. (37) and (22), when n 2 − 1 = m 2 + 1, the evolution of the matrix A under the PDC is obtained as 
